Abstract. For a cyclic group A and a connected Lie group G with an Amodule structure (with the additional conditions that G is compact and the A-module structure on G is 1-semisimple if A ∼ = Z), we define the twisted Weyl group W = W (G, A, T ), which acts on T and H 1 (A, T ), where T is a maximal compact torus of G A 0 , the identity component of the group of invariants G A . We then prove that the natural map W \H 1 (A, T ) → H 1 (A, G) is a bijection, reducing the calculation of H 1 (A, G) to the calculation of the action of W on T . We also prove some properties of the twisted Weyl group W , one of which is that W is a finite group. A new proof of a known result concerning the ranks of groups of invariants with respect to automorphisms of a compact Lie group is also given.
Introduction
Let A be a group, and let G be a connected Lie group with an A-module structure. It is proved in [1] that, if A is finite, then there exists a maximal compact subgroup K of G which is an A-submodule of G, and for every such K, H 1 (A, K) → H 1 (A, G) is a bijection. This reduces the calculation of H 1 (A, G) to the calculation of H 1 (A, K) for K compact. Based on some results in [1] , in this paper we go further along this direction. We reduce the calculation of H 1 (Z, G) for G compact, and H 1 (Z/nZ, G) for G general, to the calculation of the action of the twisted Weyl group on a compact torus of G.
Let A be a cyclic group, that is, A is isomorphic to Z or Z/nZ, and let G be a connected Lie group with an A-module structure. In the case of A ∼ = Z, we always assume that G is compact and the Z-module structure on G is 1-semisimple, that is, ker(1 − dσ) = ker((1 − dσ) 2 )
for a generator σ of A. Let T be a maximal compact torus of G A 0 , the identity component of G A = {g ∈ G|a(g) = g, ∀a ∈ A}. Then it is proved in [1] that the natural map H 1 (A, T ) → H 1 (A, G) is surjective (see Theorems 4.1 and 5.1 in [1] ). Let σ be a generator of A. Denote Then it can be proved that W is independent of the choice of σ, and, as an abstract group, W is independent of the choice of T . It can also be proved that W is a finite group.
Since T is abelian and A acts trivially on T , H 1 (A, T ) may be identified with the set of cocycles Z 1 (A, T ), which consists of homomorphisms A → T . The twisted Weyl group W acts on Z 1 (A, T ) ∼ = H 1 (A, T ) by (w.α)(a) = gα(a)a(g) −1 , where w ∈ W, α ∈ Z 1 (A, T ), a ∈ A, g ∈ w. Denote by W \H 1 (A, T ) the space of W -orbits in H 1 (A, T ). Then the natural map H 1 (A, T ) → H 1 (A, G) reduces to a map W \H 1 (A, T ) → H 1 (A, G). The main result of this paper is the following assertion. Theorem 1.1. Suppose A is a cyclic group, G is a connected Lie group with an A-module structure. If A ∼ = Z, we assume that G is compact and the Z-module structure on G is 1-semisimple. Let T be a maximal compact torus of
Upon choosing a generator of A, we may identify
. So Theorem 1.1 reduces the calculation of H 1 (A, G) to the calculation of the action of W on T or E n (T ). (This action will be defined directly in Section 3.)
In the case of A ∼ = Z/2Z, G is a complex reductive group, and Z/2Z acts on G by complex conjugation with respect to a real form of G, the bijectivity of the map W \H 1 (Z/2Z, T ) → H 1 (Z/2Z, G) was proved by Borovoi [2] . Our proof of Theorem 1.1 relies on the notion of twisted conjugate actions of Lie groups associated with automorphisms. Recall that for a Lie group G with an automorphism σ, the twisted conjugate action of G on itself associated with σ is defined by τ g (h) = ghσ(g) −1 .
Two elements g 1 , g 2 ∈ G are σ-conjugate if they lie in the same orbit of the twisted conjugate action associated with σ. The utility of this notion is based on the following fact: If A is cyclic with a generator σ, then two cocycles α 1 , α 2 ∈ Z 1 (A, G) are cohomologous if and only if α 1 (σ) and α 2 (σ) are σ-conjugate.
Similar to the definition of W (G, A, T ), we can define the twisted Weyl group W (G, σ, T ) associated with an individual automorphism σ of G, which acts naturally on the maximal compact torus T of G σ 0 . The proof of Theorem 1.1 is based on the following result. Theorem 1.2. Let G be a connected compact Lie group with a 1-semisimple automorphism σ, T a maximal torus of G σ 0 . Then two elements t 1 , t 2 ∈ T are σ-conjugate if and only if they lie in the same W (G, σ, T )-orbit.
To prove Theorem 1.2, we need the following known result. Although the proof of Theorem 1.3 is implicitly included in Gantmacher [3] , the author can not find an explicit reference for it. Using properties of twisted conjugate actions, we give a new proof of Theorem 1.3 in Section 2. In Section 3 we define the twisted Weyl group of a Lie group associated with an automorphism, prove some of its properties, and give the proof of Theorem 1.2. The proof of Theorem 1.1 is given is Section 4.
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A preliminary result
We discuss in this section a known result concerning groups of invariants with respect to automorphisms of a compact Lie group, which will be used in the proofs of some results in later sections.
For a connected Lie group G with an automorphism σ, we denote by G σ = {g ∈ G|σ(g) = g} the group of invariants, and denote by G [3] (see also [5] , Chapter 4, Section 4). But the author can not find an explicit reference. Here we give a new proof of this result, with the aid of some properties of twisted conjugate actions. This may also be viewed as an application of twisted conjugate actions.
We first prove the following basic result. 
Proof. Denote the action of
′ if and only if the differential of the map ϕ(·, x) : G → M has maximal rank. So M \ M ′ can be locally described as the zero locus of a smooth
Denote by π 2 : G×M → M the projection to the second factor, and consider the restriction
Proof of Theorem 2.1. Let τ 1 , τ 2 be the twisted conjugate actions associated with σ 1 and σ 2 , respectively. We first assume that G is semisimple. Let T 1 , T 2 be maximal tori of G σ1 0 and G σ2 0 , respectively. Then by Theorem 6.1 in [1] , the intersection of every τ 1 -orbit (resp. τ 2 -orbit) with T 1 (resp. T 2 ) is nonempty and finite. By Lemma 2.2, we have
But by Proposition 6.1 in [1] , τ 1 and τ 2 are equivalent. So the maximal dimension of τ 1 -orbits and that of τ 2 -orbits coincide. Thus we have dim
For the general case, let G s be the semisimple part of G, and let G t be the identity component of the center of G, which is a compact torus. Then G s and G t are invariant under σ 1 and σ 2 . Since
Twisted Weyl groups associated with automorphisms
In order to define the twisted Weyl group associated with an A-module structure on a Lie group, in this section we first consider the twisted Weyl group associated with a single automorphism of a Lie group.
Let G be a connected Lie group with an automorphism σ. For technical reasons, we always make the following assumptions.
(1) If G is compact, we assume that σ is 1-semisimple, that is,
(2) If G is noncompact, we assume that σ is of finite order.
Note that an automorphism of finite order is 1-semisimple. Let τ be the twisted conjugate action of G on itself associated with σ, which is defined by
and N σ (H) are closed subgroups of G, and Z σ (H) is normal in Z σ (H). Now let T be a maximal compact torus of G σ 0 . Define the twisted Weyl group associated with σ by W (G, σ, T ) = N σ (T )/Z σ (T ). We will denote W (G, σ, T ) by W (σ, T ), or W (T ), or simply W , if the omitted data are explicit from the context. Proposition 3.1. As an abstract group, W (T ) is independent of the choices of T .
The Lie algebras of Z σ (T ) and N σ (T ) coincide; (iii) If G is compact, then the Lie algebras of Z σ (T ) and N σ (T ) coincide with the Lie algebra of T .
Proof. (i) Let g ∈ Z σ (T ), then for every t ∈ T , τ g (t) = t. In particular, τ g (e) = gσ(g) −1 = e, that is, σ(g) = g. Hence g ∈ G σ . (ii) If X belongs to the Lie algebra of N σ (T ), then for every s ∈ R and every t ∈ T , τ e sX (t) = e sX te −sdσ(X) ∈ T . This implies (1 − Ad(t)dσ)X ∈ t, the Lie algebra of T . Since t ⊂ ker(1 − Ad(t)dσ), (1 − Ad(t)dσ) 2 X = 0. Since the mutually commutative endomorphisms dσ and Ad(t) are 1-semisimple, Ad(t)dσ is 1-semisimple. So we have (1 − Ad(t)dσ)X = 0 for every t ∈ T , that is, X belongs to the Lie algebra of Z σ (T ).
(iii) Suppose G is compact. By (i), the identity component
Hence the Lie algebra of Z σ (T ) coincides with the Lie algebra of T , and then (iii) follows from (ii).
Consider also the example in the above remark.
By (ii) of Proposition 3.2, the twisted Weyl group W is finite if G is compact. We claim that it is also finite in the noncompact case. To prove this, we need some preliminaries, some of which are also used in the next section.
Suppose G is a connected Lie group with an automorphism σ of finite order. By Theorem 3.1 in [1] , there always exists a maximal compact subgroup K of G which is σ-invariant. We first prove two lemmas. Lemma 3.3. Let G be a connected Lie group with an automorphism σ of finite order, and let K be a σ-invariant maximal compact subgroup of G. Then every g ∈ G admits a decomposition g = kp such that k ∈ K, and such that for every
Proof. Let g and k be the Lie algebras of G and K, respectively. By [4] , Chapter XV, Theorem 3.1, there exist linear subspaces m 1 , · · · , m r of g with g = k ⊕ m 1 ⊕ · · ·⊕ m r such that Ad(k)(m i ) = m i , ∀k ∈ K, i ∈ {1, · · · , r}, and such that the map ϕ :
Rewrite this equality as k
that is,
This proves the lemma. Lemma 3.4. Let G be a connected Lie group with an automorphism σ of finite order, and let K be a σ-invariant maximal compact torus of G. Then for every closed subgroup
Proof. It is obvious that
To prove the converse, let g ∈ N σ,G (H). Write g = kp as in Lemma 3.3. Then for every 
Let G be a connected Lie group with an automorphism σ of finite order, and let T be a maximal compact torus of G σ 0 . By Proposition 3.6, we can choose a σ-invariant maximal compact subgroup K of G containing T . The natural inclusion
Proposition 3.7. Under the above conditions, the natural map
Proof. By Lemma 3.4, we have
It is obvious that the inverse of the above isomorphism coincides with the natural map W (K, σ| K , T ) → W (G, σ, T ). This proves the proposition. Proof. First assume G is compact. Since Z σ (T ) and N σ (T ) are closed subgroups of G, they have finitely many connected components. But by (ii) of Proposition 3.2, their identity components coincide. So W (G, σ, T ) = N σ (T )/Z σ (T ) is finite. Now suppose G is noncompact. By Proposition 3.6, there exists a σ-invariant maximal compact subgroup K of G such that T is a maximal torus of
The twisted conjugate action τ associated with σ induces naturally an action of W on T , defined by
where w ∈ W (G, σ, T ), t ∈ T, g ∈ w. If σ is of finite order and n is a positive integer which is divisible by the order of σ, then the finite subgroup E n (T ) = {t ∈ T |t n = e} of T is invariant under the natural action of W on T . In fact, if
. So W acts naturally on E n (T ). The following result is important for us to prove the main result in this paper.
Theorem 3.9. Let G be a connected compact Lie group with a 1-semisimple automorphism σ, T a maximal torus of G σ 0 , W = W (G, σ, T ). Then two elements t 1 , t 2 ∈ T are σ-conjugate if and only if they lie in the same W -orbit.
Proof. The "if" part is obvious. To prove the converse, assume that t 1 , t 2 ∈ T are σ-conjugate, that is, there exists g ∈ G such that t 2 = τ g (t 1 ). Let G t1 = {h ∈ G|τ h (t 1 ) = t 1 }, and let (G t1 ) 0 be the identity component of
We claim that g −1 T g ⊂ (G t1 ) 0 . In fact, for every t ∈ T , we have
So t 1 and t 2 lie in the same W -orbit. This completes the proof of the theorem.
Twisted Weyl groups and nonabelian cohomology
In this section we define the twisted Weyl group associated with an A-module structure on a Lie group, and give the proof Theorem 1.1.
Let A be a cyclic group, that is, A ∼ = Z or A ∼ = Z/nZ, and let G be a connected Lie group with an A-module structure. If A ∼ = Z, we always assume that G is compact and the Z-module structure on G is 1-semisimple, that is, the action of a generator of Z on G is 1-semisimple. Let T be a maximal compact torus of G A . Then for every generator σ of A, we can construct the twisted Weyl group W (G, σ, T ) associated with σ.
Proposition 4.1. Under the above conditions, W (G, σ, T ) is independent of the choice of the generator σ of A.
Proof. It is sufficient to prove that Z σ (T ) and N σ (T ) are independent of the choice of σ.
, which is obviously independent of the choice of σ.
To prove that N σ (T ) is independent of the choice of σ, let σ ′ be a generator of
If A ∼ = Z/nZ, then there exist positive integers r and s such that σ
Hence N σ (T ) ⊂ N σ ′ (T ). By symmetry, we also have N σ (T ) = N σ ′ (T ).
In virtue of Proposition 4.1, we can define the twisted Weyl group associated with the A-module G by W (G, A, T ) = W (G, σ, T ). By Proposition 3.1, W (G, A, T ), as an abstract group, is independent of the choice of T . We will simply denote W (G, A, T ) by W if the omitted data are explicit from the context. Now consider the cohomology H 1 (A, T ). Since T is abelian and A acts trivially on T , H 1 (A, T ) coincides with the set of cocycles Z 1 (A, T ), and an element α ∈ Z 1 (A, T ) is a homomorphism α : A → T . Then W (G, A, T ) acts naturally on Z 1 (A, T ) ∼ = H 1 (A, T ) by (w.α)(a) = gα(a)a(g) −1 , where w ∈ W (G, A, T ), α ∈ Z 1 (A, T ), a ∈ A, g ∈ w. Since A is cyclic, a homomorphism α : A → T is determined by its value α(σ) on a generator σ of A. So if a generator σ of A is chosen, we have natural identifications T ∼ = Z 1 (Z, T ) ∼ = H 1 (Z, T ) and E n (T ) ∼ = Z 1 (Z/nZ, T ) ∼ = H 1 (Z/nZ, T ). Under these identifications, it is obvious that the natural action of W (G, Z, T ) on H 1 (Z, T ) coincides with the natural action of W (G, σ, T ) on T , and the natural action of W (G, Z/nZ, T ) on H 1 (Z/nZ, T ) coincides with the natural action of W (G, σ, T ) on E n (T ).
The natural inclusion T ֒→ G induces a natural map H 1 (Z, T ) → H 1 (Z, G), which obviously reduces to a map W \H 1 (Z, T ) → H 1 (Z, G). Now we are prepared to prove the main result of this paper. Theorem 4.2. Let A be a cyclic group, G a connected Lie group with an A-module structure. If A ∼ = Z, we assume that G is compact and the Z-module structure on G is 1-semisimple. Let T be a maximal compact torus of G A 0 , W = W (G, A, T ) the associated twisted Weyl group. Then the map W \H 1 (A, T ) → H 1 (A, G) is a bijection.
